The novel method is presented for generating periodic surfaces. Such periodic surfaces appear in all systems which are characterized by internal interfaces and which additionally exhibit ordering. One example is the system of the AB diblock copolymers, where the internal interfaces are formed by the chemical bonds between the A and B blocks. In this system at least two bicontinuous phases are formed : the ordered bicontinuous double diamond phase and gyroid phase. In these phases the ordered domains of A monomers and B monomers are separated by the periodic interface of same symmetry as the phases themselves. Here we present the novel method for the generation of such periodic surfaces based on the simple LandauGinzburg model of microemulsions. We test the method on four known minimal periodic surfaces (P,D,G and I-WP), find two new surfaces of cubic symmetry, show how to obtain periodic surfaces of high genus and n-tuply-continuous phases ((n> 2) So far only bicontinuous (n= 2) phases have been known. We point that the Landau model used here should be generic for all systems characterized by internal interfaces, including the diblock copolymer systems.
I. Introduction
Triply periodic minimal surfaces are paradigm of surfaces in cubic bicontinuous phases formed by biological molecules (lipids) and surfactants in aqueous solutions 1−3) , silicate membranes macrostructures 4, 5) , zero potential surfaces in ionic crystals 6) , and domain interfaces in diblock copolymer structures 7ab) . They can be used in the description of structures of carbon 8) C 60 , blue phases of thermotropic liquid crystals 9) , blue phases of DNA 10) , and possibly cellular structures in the earliest stages of embryogenesis 11) and chloroplast structures within plant cells 12) . Here we present the novel method for their generation based on the simple Landau-Ginzburg model of microemulsions 13) . We test the method on four known minimal surfaces (P,D,G and I-WP, Table 1 . and Fig.1 ), find two new surfaces of cubic symmetry (Figs. (2, 3) and Table 1 ), show how to obtain periodic surfaces of high genus (Fig.4) and n-tuply-continuous phases ((n> 2) (quadruply-continuous gyroid structure is shown in Fig.5 ). So far only bicontinuous (n= 2) phases have been known.
Most biological molecules (e.g. lipids) have both polar and nonpolar segments and therefore they self-assembly, in water solutions, in bilayers. These bilayers can further organize in periodic one, two or three dimensional structures,similarly to soaps and detergents, as was explicitly demonstrated by Luzzati et al. 1 ) using x-ray technique. Although the symmetry of these phases can in principle be obtained from the x-ray or neutron scattering it is not clear how to obtain their geometry and topology from experimental studies alone. That is why the periodic minimal surfaces 14−16) have served as paradigm of the periodic biological (or surfactant) surfaces formed in solutions. Minimal surface is the surface of zero average curvature at every point. The fact that such surfaces can form three dimensional periodic structures was discovered by Schwarz in XIX century. There are two ways of gener-ating such surfaces: either from the definition of the average curvature 15, 16) or from the Weierstrass parametrization 17, 18) . Both methods are related to the geometry of the problem and not to the physics of soaps, detergents or biological molecules in solutions. Here we fill the gap in our understanding of the connection between physical interfaces and geometrical models by presenting a simple physical model of microemulsions 13) and showing explicitely that physical interfaces in the model are periodic minimal surfaces. As a by-product of our research we have obtained a new method of generating periodic minimal surfaces. We have tested the method on four known surfaces i.e. P,D Schwarz and G ( Fig.1 ),I-WP Schoen surfaces and proved its efficiency by generating new surfaces of cubic symmetry (Table 1 and Figs.2,3). The knowledge of new types of surfaces can be useful in indentifying them in real systems. In the lipid-water system six cubic phases have been found, out of which only four have been determined unambiguously 3) .
The structure shown in Fig.5 is of special interest. It shows three periodic surfaces of nonpositive Gaussian curvature partitioning the space into four continuous disjoint subvolumes, making a periodic quadruply continuous structure. In all the examples shown in Figs. (1-4) a single surface partitions the space into two subvolumes and consequently the emerging structures are only bicontinuous. The idea of quadruple continuity or in general n-tuple continuity (n> 2) has not been previously considered.
The following simple experiment can be used for the direct visualization of a simple patch of minimal surface: Take a metal non-planar frame and immerse it in the water solution of soap. The soap bubble which forms on this frame assumes the shape that minimizes its surface free energy associated with the surface tension and consequently it forms a surface of least area. . Recently they have also observed the gyroid structure ( Fig.1 ) in the same system in the weak segregation regime 7b) .
Surfaces are ubiquitous. Even in the ionic crystals one can immagine a periodic zero potential surfaces (POPS in short), having same symmetry as the crystal 6) .
Although, POPS do not have usually the same geometry as minimal surfaces (their mean curvature varies along the surface), nonetheless they share the same topology (genus etc) and symmetry as the latter.
This short historical survey points to the immense importance of minimal surfaces in many systems ranging from physics to biology and chemistry. We think that this is not the last word in the story of minimal surfaces and their application.
Below we present a new method for their generation.
II. The model
The simple Landau-Ginzburg model considered in this paper has been proposed by Teubner and Strey 24) and Gompper and Schick 13, 25) based on the neutron scattering experiments performed on microemulsion (homogeneous ternary mixture of oil, water and surfactant) and later experiments and theory of their wetting properties 26, 27) . The Landau-Ginzburg free energy functional has the following form:
where φ, the order parameter, has the interpretation of the normalized difference between oil and water concentrations; g 2 , g 0 are two positive constants and f 0 can be of either sign. The sign of the latter depends on the stability of bulk microemulsion phase (average order parameter is zero): for f 0 > 0 microemulsion is a metastable bulk phase whereas pure water phase (φ = 1) or pure oil phase (φ = −1) are stable; for f 0 ≤ 0 microemulsion is stable. For g 0 > 2 the system can undergo a transition to periodically ordered phases where water rich domains and oil rich domains order similarly as in the case of the aforementioned AB diblock copolymer system 7ab) . The interface between the domains corresponds to φ(r) = 0. The only stable ordered structure is the lamellar phase, however there exists a large number of ordered metastable phases, corresponding to the local minima of the functional (1). It is the main result of this paper that in many of these metastable phases the physical interface between the domains, given by φ(r) = 0, is a triply periodic minimal embeded surface. We have obtained 6 cubic structures listed in Table 1 including known examples of P, D, G (Fig.1) , I-WP and and two new phases shown in Figs. (2,3) . The high genus surface shown in Fig.4 has nonpositive Gaussian curvature and large internal surface area, but numerical accuracy does not allow us to claim that it is a minimal surface.
In order to find the local minima of the functional we have discretized Eq (1) (1) were calculated on the lattice according to the following formulas 28) g(r) ∂φ(r) ∂x
and
and similar in y and z directions.
We impose on the field φ(r) the symmetry of the structure, we are looking for, by building up the field inside a unit cubic cell from a smaller polyhedron, replicating it by reflections. For example structures having m3m space group symmetry are build of quadrirectangular tetrahedron cut out of the unit cubic cell by the planes of symmetry. The polyhedrons that we have used to construct the cubic unit cells are the same as those described by Coxeter as kaleidoscopic cells 14, 15) . Such a procedure enables substantial reduction of independent variables φ i,j,k in the function F ({φ i,j,k }). We impose on the field φ(r) the periodic boundary conditions in x , y and z directions.
The topology of the structure is set up by building the field φ(r) first on a small lattice N = 3 or 5 analogicaly to a two component (A,B) molecular crystal. The value of the field φ i,j,k at a lattice site S = (i, j, k) is set to 1 if in the molecular crystal an atom A is in this place, if there is an atom B φ i,j,k is set to -1, if there is an empty place φ i,j,k is set to 0. Next the small lattice can be enlarged to desired size by changing the number of points from N to 2N − 1 and finding the values of φ i,j,k in new lattice sites by interpolation.
We have used the conjugate gradient method 29) to find a minimum of the function F ({φ i,j,k }). It is highly unlikely, because of numerical accuracy, that a value of the field φ i,j,k at a latice site S = (i, j, k) is zero. Therefore the points of the surface have to be localized by linear interpolation between the neighbour sites of the lattice. This approximation is legible because the field φ(r) is very smooth.
The structures of simple topology are formed for small sizes of a unit cell. The length of a unit cell, d, has to be increased to obtain the structures of complex topology.
In order to calculate genera of the surfaces we use the following method. For From the form of Eq(1) one can realize that indeed for some local minima of (1) the average curvature given by 30, 31 :
vanishes at every point of the φ(r) = 0 surface. It follows from the second term of
Eq (1) that |∇φ| should have the maximal value for φ(r) = 0 and consequently the second term (which after a small algebra can be written as (∂|∇φ|/∂n)/2|∇φ|, with ∂n denoting the derivative along the normal to the surface) in Eq(4) vanishes. Also for the φ, −φ symmetry we know that H averaged over the whole surface should be zero. It means that either △φ is exactly zero at the surface or it changes sign.
From the first term of Eq(1) it follows that the former is favored and consequently H = 0 at every point at the surface and hence the surface is minimal. We have checked numerically that indeed the surface φ(r) = 0 coincides with H = 0 in all the cases listed in Table 1 .
III. Summary
We have presented the novel method for the generation of periodic surfaces.
The method should be useful for mathematicians working in topology and geometry of surfaces, crystallographers studying self assembling soft matter systems, physicists and biologists. The method can also find application in the design of well characterized mesoporous materials. For example in the production of such materials the internal interface in the surfactant system is used as a template for the three dimensional polimerization of silicate. One obtains in such a way the ordered silicate pore structure characterized by the same symmetry, topology and geometry as the surfactant template.
Surfaces are also important for biology. to the surface dividing oil (φ < 0) and water (φ > 0) channels into disjoint subvolumes. This phase has been recently observed in the diblock copolymer system 7b) . Fig.2 The new (presumably) minimal surface BFY (Table 1 ). Legend as in Fig.1 . Table 1 ). The surface has nonpositive Gaussian curvature at every point of the surface. It is possible that it is also a minimal surface. (Table 1) .
Here there are four disjoint subvolumes (two "water" channels and two "oil" channels) separated by three surfaces. The middle surface is the G minimal surface (see Fig.1 ), whereas the other two are not. All the surfaces have nonpositive Gaussian curvature at every point. Each of the three surfaces has the same genus per unit cell as the G phase ( Table 1 ). The surface area S/V 2/3 = 7.55 ± 0.05, V /d 3 = 0.5, d = 26.28 (g 0 f 0 and g 2 same as in Table   1 ). (a) 1/8 of the unit cell. (b) One unit cell. 
